A b s t r a c t . A theorem popularly called the folklore theorem gives conditions under which an expanding Markov map of the unit interval is known to preserve a measure equivalent to Lebesgue measure, with respect to which it is ergodic and even exact. There is some uncertainty as to how much the hypotheses of this theorem can be weakened. We provide a counter example to one possible strengthening erroneously stated in [Ma].
Let T be a self map of [0, 1] and let P 0 = {P (j) : j ∈ Λ} be a partition of [0, 1] into open intervals, disregarding a set of Lebesgue measure zero. We may for instance take Λ to be {1, 2, · · · , n} (n = 1, 2, · · · ) or we may take Λ to be the natural numbers.
Let λ denote Lebesgue measure. We say the map T is an expanding Markov map with partition P 0 if the following conditions hold :
(ii) we have inf j∈Λ λ(T (P (j)) > 0;
(iii) the derivative T of T is defined and 1 T is bounded on ∪ j∈Λ P (j); (iv) there exists β > 1 such that (T n ) β n whenever it exists and
The following statement has become known as the folklore theorem [Ad] . See also [KS] and [LY] .
Theorem. If T is an expanding Markov map then there exists a probability measure µ on
The dynamical system ([0, 1], A, µ, T ) is ergodic and in fact exact. It has been claimed (see Theorem 1.2 page 168 of [Ma] ) that the theorem holds even for T satisfying the following weaker hypothesis in place of (ii):
(ii)' there exists an integer m such that for each i, j in Λ we have
However the argument in [Ma] tacitly assumes (ii) (see the proof of Lemma III 1.5 on p.174). In this note we present an example of a map showing that (ii)' does not imply (ii) even in the presence of (i), (iii), (iv) and (v) and also that the folklore theorem fails when (ii) is replaced by (ii)'.
The example. We take P 0 to be the collection of intervals P (n) = ( 1 n+1 , 1 n ) for n = 1, 2, · · · . We take T to be linear and increasing on each interval of P 0 so T will be defined (disregarding a countable set of values) as soon as we have specified T (P (n)) for each n. We set T (P (n)) = (0, 1), if n + 1 is a power of 2; (0, 2 n(n+1) ), otherwise.
Since either n or n + 1 is even 2 n(n+1) is always the reciprocal of an integer so if n + 1 is not a power of 2 we have
This means that T satisfies (i). Clearly for each n, T (P (n)) contains P (2 k − 1) for all sufficiently large k, so T 2 (P (n)) = (0, 1) and T satisfies (ii)' with m = 2. Conditions (iii) and (v) hold because T is piecewise linear with T ≥ 2 on each P (n) and condition (iv) follows from the chain rule (take β = 2 and then (iv) holds with implied constant 1). However it is clear that (ii) is not true.
To see the folklore theorem fails for this choice of T , suppose that a measure µ exists satisfying
for each set A in the Borel σ-algebra A of [0, 1] and also
(1)
for some C 1 and C 2 in (0, ∞). Then we have µ(A) ≤ µ(T (A)) and also
so that A k is (up to a finite set of endpoints) the union of the intervals
We have
and so
.
But then using (2) we have
for each k, and this is impossible if both C 1 and C 2 are in (0, ∞). Hence (1) fails and therefore no measure satisfying the required conditions can exist.
